ABSTRACT. Acknowledging the complex relationships which the field of didactics of mathematics has with other research fields (e.g. mathematics, educational sciences, epistemology, history, psychology, semiotics, sociology, cognitive science), the authors analyze in this paper some cases of fruitful and some of failed dialogue between experts of the different fields. They discuss the results of these dialogues, drawing on research studies carried out by the authors, within the paradigm of the Italian research in Mathematics Education.
INTRODUCTION
In recent decades, several authors have emphasized the complex systemic nature of didactics of mathematics as a research field and its interrelations with different domains, like, for example, mathematics, educational sciences, epistemology, history, psychology, semiotics, sociology. (Biehler, Scholz, Straesser and Winkelmann, 1994; Godino and Batanero, 1997; Steiner, 1985; Wittmann, 1995) .
In particular, Godino and Batanero suggest distinguishing between 'didactics of mathematics' defined as the scientific and scholarly field of research which aims to identify, characterize, and understand the phenomena and processes conditioning the teaching and learning of mathematics and 'mathematics education' defined as the complex and heterogeneous social system which includes theory, development, and practice concerning the teaching and learning of mathematics.
According to this definition, mathematics education includes didactics of mathematics as a subsystem. Such a distinction is fruitful because it highlights some distinguishing features of theoretical research in didactics of mathematics and their influence on mathematics education. It is trivial to say that researchers in didactics of mathematics are interested mostly in those particular studies which are explicitly related to mathematics or to mathematics education, e.g., epistemology of mathematics, history of mathematics / of mathematics education; psychology of mathematics / of mathematics education, sociology of mathematics / of mathematics education.
However, each of the above fields has its own scholars and specialists, who are very busy with their own research problems and their own methodologies. A fruitful dialogue between them and researchers in mathematics education is not easy. In the following, we analyse some cases, focusing on the relationships between fields, in order to detect whether the relationship is symmetrical or not. In particular, the interaction with historians of mathematics and with mathematicians will be taken into account.
Subsequently, we focus on two paradigmatic examples in which the interaction of different components (theoretical research and classroom practice) is a basic issue. The two research studies deal with theoretical thinking in geometry and on algebraic thinking respectively; they can also be reconsidered as cases within a specific research paradigm which is typical in the Italian tradition.
A FIRST CASE: HISTORY AND DIDACTICS OF MATHEMATICS
Historians of mathematics are a very well structured corporation, that is part of the corporation of historians of science. They have their own magazines and journals (e.g. Archive for History of Exact Sciences, Historia Mathematica, just to cite a couple of them), research meetings and international conferences. National as well as international groups have emerged in the past years to try to establish a connection between historians and didacticians: e.g., the Commission INTER-IREM "Épistemologie et Histoire des Mathématiques" in France (Inter-IREM, 1997 , 1998 and the International Study Group on the Relations between History and Pedagogy of Mathematics (HPM), which publishes a newsletter regularly. Many conferences have been organized occasionally (see for example Jahnke, Knoche and Otte, 1996) or on a regular basis, e.g., the European Summer Universities on the History and the Epistemology in Mathematics Education (see Lalande et al., 1993; Lagarto et al., 1996; Radelet, 1999 ). An entire ICMI Study (1998) has been devoted to "The role of the history of mathematics in the teaching and learning of mathematics" in MarseilleLuminy; furthermore a satellite meeting of ICME 9 dealt with the role of history in mathematics education (Horng and Lin, 2000) . If we go through the list of contents of the volume bringing together the work of the cited ICMI Study (Fauvel and van Maanen, 2000) , we find many interesting issues, such as, the role of historical analysis in predicting and interpreting
